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Let p be a prime number and let G be a finite group. Let x be a generalized 
character in ap-block b of G. If P is a Sylowp-subgroup of G and T] is a generalized 
character of P such that T(X) = &v) whenever x and y in P are conjugate under 
an element of G, it is well known (see [9, Theorem I], for example) that it is 
possible to construct another generalized character x * 7 in b, as follows: whenever 
x is a p-element of G, we denote by x w the central function of G which vanishes 
outside of the p-section X of x and whose restriction to X is equal to the restric- 
tion of x, and we choose a set S of representatives in P for the conjugacy classes 
of p-elements of G; then, we set 
x * 7 = 1 q(x) p. 
XES 
The aim of this paper is to give a more general construction, closely related 
to the local methods started in [l]. According to [l], when studying G from the 
point of view of a given p-block b, it is useful to replace the study of p-subgroups 
of G by the study of “(6, G)-Brauer pairs” (P, e), where P is a p-subgroup of 
G and e is a block of C,(P) associated with 6. One knows in particular [I, 
Definition 3.31 how to define the “inclusion” of such (b, G)-Brauer pairs and 
then G acts transitively by conjugation on the maximal (6, G)-Brauer pairs 
[l, Theorem 3.101. 
Let us call (b, G)-Brauer elements the pairs (x, f), where ((x), f) is a (6, G)- 
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Brauer pair; if (P, e) is a (b, G)-Brauer pair, we write (x, f) E (P, e) instead of 
((x), f) C (P, e); we denote by x (x*f) the central functions on G constructed by 
Brauer in [2] (see also [3, Section 3.41). N ow we can state our principal result. 
THEOREM. Let (P, e) be a maximal (6, G)-Brauer pair and let S be a set of 
representatives for the conjugacy classes of (b, G)-Brauer elements uch that, for 
any (x, f) E S, we have (x, f) E (P, e). Let 77 be a generalized character of P and 
suppose that, for any (x, f) E S and any z E G such that (x, j)” E (P, e), we have 
T(X) = 7(x2). Then the function x * 77 defined by the formula 
x * 7j = c T)(x) x(2.f) 
kfES 
is a generalized character of G, associated with b. 
This theorem will be of essential use in [4]. Let us state an easy consequence. 
Under the same notations, let us denote by F,(P, e) the subgroup of P generated 
by the elements [x, z], where (x, f) E S and a runs over the set of all the elements 
of G such that (x, f)” E (P, e). Clearly, if v is a linear character of P such that 
F#‘, e) C Ker(d, we can set 7 = v and construct x * 9. Moreover, {x(*J)}(~,~)~~ 
is an orthogonal family of central functions [3]. So, we get the following 
result. 
COROLLARY. Under the same notations as the theorem, if x is irreducible and 7 
is a linear character of P such that F,(P, e) C Ker(y), then x * 7 is an irreducible 
character of G. 
We denote by 0 a complete discrete valuation ring, with quotient field 9, 
maximal ideal ‘$3 and residual field $j = D/‘$. We assume that % is of charac- 
teristic zero and that 5 is of characteristic p and algebraically closed. Actually 
we can make our construction in an D-order 2l containing G whenever a Sylow 
p-subgroup of G stabilizes an D-basis of 2l. Indeed, it appears that the definitions 
and properties of the Brauer morphism, Brauer pairs and their inclusions can be 
stated and proved without loss in this context. We do it, so this paper is “self- 
contained,” namely, no reference to [I] is needed. 
In particular our results can be applied to the D-order DH, where H is a 
finite group containing G. Thus this point of view allows us to relate the local 
structure of H with the local structure of G over DH (see [5]). Moreover, we 
can set % = End&$.X, where 9.X is a faithful DG-module such that its restriction 
to a Sylow p-subgroup of G is an endopermutation module [6]. 
Our notation is standard. The symbols p, G, D, R, q, and 5 keep their 
meanings throughout the paper. 
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1. BRAUER MORPHISM AND BRUJER PAIRS IN ~-PERMUTATION G-ALGEBFM 
Following [8] a G-algebra is an D-algebra either torsion free or annihilated 
by ‘$3, of finite rank as an E-module, with an operation of the group G. If 2l is 
a G-algebra and P is any subgroup of G, we denote by 5!Xp the subalgebra 
consisting of the fixed points of 2X under P, if Q is a subgroup of P, we denote 
by TroP: ‘$Io - 91p the D-linear map defined by the formula TrJ(a) = 
x XEP/O a” (see [S]); the two-sided ideal TroP(21Q) in 21p is denoted by %Qp. 
DEFINITION 1.1. We say that 5!I is a p-permutation G-algebra if 2I is a 
G-algebra such that a Sylow p-subgroup of G stabilizes a minimal generating 
set of 21 as an Dmodule. 
From now on, we denote by ‘?I a p-permutation G-algebra with unity, and 
by b a primitive idempotent of !21G. 
It results from the Krull-Remak property and from the Green theorem about 
induction of indecomposable modules [7, Theorem 81 that every subalgebra of 9I 
which is a direct summand of % as an DG-submodule is again a p-permutation 
G-algebra. Thus, the algebra b%b is a p-permutation G-algebra. 
DEFINITION 1.2. Let P be a p-subgroup of G. We denote by .Dp(%) the 
ideal of 91p defined by 
3q2q = q3 . 21P + 1 21QP 
where Q runs over the set of all the proper subgroups of P. We set a(P) = 
91p/_7p(91) and we denote by Br, ’ the canonical morphism from 21p onto a(P), 
called the Brauer morphism. 
Suppose, for example, that 9I is the group algebra &X of a group X on which 
G operates; then [l] the algebra 2l(P) is canonically isomorphic to the group 
algebra SC,(P), and the morphism Br, ’ is then identified to the morphism 
BrpX defined in [l]. If moreover X = G, the restriction of Br,’ to the center 
ZgG of SG is the classical Brauer morphism. 
Let P be a p-subgroup of G and let S be a minima1 generating set of 59 as 
D-module, stable under a Sylowp-subgroup of N,(P). We denote by Cl(P 1 S) 
the set of the orbits of P on S; if C E Cl(P 1 S) and s E C, we denote by P, the 
stabilizer of s in P. Clearly, the family {z:ssc ~),-~~r~~l~) is a minimal generating 
set of YXp as D-module; so, 21p is a p-permutation No(P)-algebra. In order to 
“calculate” 3;‘(‘%) let us recall the following result about the ideals 91Qp, where 
Q is any subgroup of P. 
LEMMA 1.3 (Green [8]). If ‘!$3 . 2l = {0}, the family {Cssc s}, where C E 
Cl(P / S) and there exists s E C such that P, C Q, is a ‘&basis of 'Sl$. 
According to Lemma 1.3 it is easy to find minimal generating sets of Zp(N), 
G-ALGEBRAS 309 
of a(P), of Bro”(%j’), and of 3o(‘S) n ‘31P successively; we get the following 
result. 
LEMMA 1.4. (1) The farnib =&,-+a Bra”(s)}, where C E CZ(P 1 S) and 
C IT 2IQ # %, is a i$-basis of BrQz(aP). 
(2) If!@ -2I ={O}, thefumiZy{~QEC s}, where C E tY(P 1 S)andC n 91Q = 0 
is a B-basis of 3Q(‘%) n 21p. 
Now we can state the key properties of the ideals Dp(‘%); they are an easy 
consequence of Lemma 1.4 and its proof is left to the reader. 
PROPOSITION 1.5. Let P and Q be two p-subgroups of G such that Q C P. 
(1) The algebra 2X(P) is a p-permutation No(P)-algebra. 
(2) We haoe DQ(‘%) n 2tp C Sp((LI); in particular, there exists an algebra 
morphism 
BrFSo : Bro’(91P) ---f a(P) 
such that, for a E 2Ip, we have Brpsr(a) = Br:, o(Brosr(U)). 
(3) If moreover P normalizes Q, then 
Brosr(PIP) = a(Q)’ and Ker(Br$o) = Ker(BrF’o’); 
’ in particular, Br,, o induces an isomorphism between 2l(P) and %(Q)(P). 
According to assertion (2), we see that Brpsr(b) $10 implies Bra”(b) # 0. 
Although in general there is no “useful” morphism between 2f(P) and 2f(Q), 
we shall show we can relate the orthogonal idempotent decompositions of 
Br,%(b) in 5X(P) with those of Br,‘(b) in ‘3(Q). 
DEFINITION 1.6. A (6, G)-Brauer pair is any pair (P, e) where P is a p- 
subgroup of G such that Br,“(b) # 0 and e is a primitive idempotent of the 
center Z%(P) of 2l(P) such that Br,s(b)e # 0. 
If 2I = DG, the (6, G)-B rauer pairs are simply the objects called “6-subpairs” 
in [l]. 
DEFINITION 1.7. Let (P, e) and (Q, f) be two (6, G)-Brauer pairs. We write 
(Q, f) C (P, e) and we say that (Q, f) is contained in (P, e) if 
(1) &CR 
(2) whenever i is an idempotent of 21p such that Brpm(i)e # 0, then 
Bro’u(i)f # 0. 
It is easy to check that the relation C between (6, G)-Brauer pairs is an order 
relation. 
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THEOREM 1.8. Let (P, e) 6e a (b, G)-Brauer pair and let Q be a subgroup of P. 
(1) There exists an unique (6, G)-Brauerpair (Q, j) such that (Q, f) C (P, e). 
(2) Wherever i is a primitive idempotent of 21p such that Br,sr(i)e # 0, then 
Brosr(i)f = Br,“(i). 
(3) If moreover P normalizes Q, then Pjxes f and BrF,o( f)e = e. 
According to assertions (1) and (3), we see that if % = DG the inclusion of 
(6, G)-Brauer pairs is the inclusion of “b-subpairs” defined in [l]. According to 
assertion (2), if f’ is a primitive idempotent of Z’%(Q) different from f ,  we have 
either Br,st(i)e = 0 or BroX(i) f’ = 0, f or any primitive idempotent i of 91p. 
So, we get the following consequence. 
COROLLARY 1.9. Let (P, e) and (Q, f) be two (b, G)-Brauer pairs such that 
Q C P. Suppose that there exists a primitive idempotent i of 5?F such that 
Br,%(i)e # 0 and Bro”(i)f # 0. 
Then (8, f) C (P, 4. 
Notice that if b is in the center Z’% of 21, the (6, G)-Brauer pairs are the (1, G)- 
Brauer pairs in 5X6 up to suitable identifications, and by Corollary 1.9, then both 
inclusions coincide. However, to relate the (b, G)-Brauer pairs with the (c, H)- 
Brauer pairs, where H is a subgroup of G and c is a primitive idempotent of XH 
(see [5], for example), it seems to be more convenient to take the most general 
point of view. 
The following three lemmas are used in the proof of Theorem 1.8 ; in all of 
them P is a finite p-group and 23 is a p-permutation P-algebra. 
LEMMA 1 .lO. Let e be a primitive idempote-nt of (ZS)p such that Br,,B(e) # 0. 
Then e is primitive in Z23. 
Proof. Let f be a primitive idempotent of 2% such that ef = f and let Q be 
the stabilizer off in P. We have e = TroP( f), and since Br,B(e) # 0, we have 
Q=Pande=f. 
LEMMA 1.11. We have !$!3& + tIJ3 -BP = n 3Q(S), where Q runs over the 
set of all the nontrivial subgroups of P. 
Proof. Since n 3Q(!$3) C BP, the lemma follows from Lemmas 1.3 and 1.4(2). 
LEMMA 1.12. Whenever Q is a subgroup of P, we have 
Np(6’) BroB(230p) = ‘B(Q)0 . 
G-ALGEBRAS 311 
Proof, Let a be an element of 8o and set Np(Q) = R; we have (see [8]) 
Tr$(a) = c Trgno(a”); 
X~O\PlQ 
hence 
Bron(TroP(u)) = 1 BroB(a*) = TroR(BroB(a)). 
X&Q 
Proof of Theorem 1.8. The proof is by induction on ( P : Q I. We set 
R = Np(Q); we may assume Q # P and thus Q # R. By the induction hypothe- 
sis, there exists a (6, G)-Brauer pair (R, g) such that (R, g) C (P, e). By Proposi- 
tion 1.5(2), we know that %(Q) # {O}; h ence there exists a primitive idempotent 
f in (Z’%(Q))” such that 
(F) B&Afk = g- 
In particular, Br:’ O)(f) # 0, so by Lemma 1.10, f is in fact primitive in Z’%(Q); 
moreover, as Br,“(b)g # 0, we have Bro%(b)f # 0. Thus (Q, f) is a (b, G)- 
Brauer pair; we shall prove that (Q, f) satisfies the properties stated in 1.8. 
It suffices to prove that whenever i is a primitive idempotent of sp such that 
Br,“(i)e # 0, then Broar(;)f = Br,%(i); indeed, it follows from this property 
that (Q, f) C (P, e), that f satisfies the assertion (2) which implies the unicity off, 
and that if P = R, f satisfies (3) b ecause of(F). But now to prove that Bro”(i)f = 
Bra%(i), it suffices to prove Bro%(;)(f - 1) E a(Q): ; inasmuch as by Lemma 1.12 
we have 2l(Q)“, = BroX(210P) and so, we have Bro%(i)(f - 1) E Bro’U(i910Pi) 
(after multiplying by Bra%(i)); but by Rosenberg’s lemma (see [8, p. 1351, 
for example), i’%opi is contained in the Jacobson radical of 91p, since i$‘%o’; 
hence, Bro”(i)cf - 1) = 0. 
By Lemma 1.11 applied to the (R/Q)-algebra 2l(Q), we have a(Q): = 
n F(%(Q)), where S runs over the set of the subgroups of R such that Q C S, 
Q # S. So, if S is such a subgroup, it suffices to prove that Bro”(;)(f - 1) E 
F(‘$l(Q)). It is clear that this idempotent belongs to a(Q)“, and we shall prove 
that 
Br&(Bro’(i)(f - 1)) = 0. 
By the induction hypothesis, there exists a (b, G)-Brauer pair (S, h) such that 
(S, h) C (R, g); so we have (S, h) C (P, e), and again by induction we have 
Br,“(i)h = Br,%(i). 
Now letj be a primitive idempotent of 91R such that Br,“(j)g # 0. On one hand, 
we have Brsa(j)h # 0 since (S, h) C (R, g). On the other hand, by (F) we have 
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Bro”‘(j)f + 0, and since Bra”(j) is primitive in Brosr(%XR) = C!I(Q)R, it follows 
that Bro”‘(j)f = Brosr(j); hence 
Br,‘(j) Br:,o(f)lz := BrScL’(j)h + 0, 
so BrF,J f)h # 0 an d . smce h is primitive in Z’%(S), we obtain 
It follows that 
Brf,o(f)h = ft. 
Br&(Bro”(i)(f- 1)) - BrS’(i) k(Bry,o(f) - 1) = 0 
and the proof is complete. 
DEFINITION 1.13. Let (P, e) be a (6, G)-B rauer pair and let x be an element 
of G. The conjugate of (P, e) by x is the (b, G)-Brauer pair (P, e”); we write 
(P”, ez) = (P, e)Z. 
If x E G, conjugation by x on the set of (6, G)-Brauer pairs preserves inclusion. 
Thus G acts on the set of maximal (b, G)-Brauer pairs. We get the following 
result which generalizes that in [l] concerning the “Sylow b-subpairs.” 
THEOREM 1.14. (1) The group G acts transitively by conjugation on the set 
of maximal (b, G)-Brauer pairs. 
(2) A (b, G)-Brauer pair (P, e) is maximal if and only if b E 21pG. 
Proof. Let P be a minimal p-subgroup of G such that b E aPc, that is a 
“defect group” of b in G [8], and let I be a set of mutually orthogonal primitive 
idempotents of ‘W such that b = &, i. Since b E 21PG, there exists a E 91p such 
that b = TrPG(a), hence 
b = Tr,G(ab) E c TrpC(‘9fpi> C c TrJWPi~P). 
&I &I 
But each of the TrpC(21pi9Xp) is a two-sided ideal of MC, and it follows from 
Rosenberg’s lemma [8, p. 1351 that there exists j E I such that b E TrpG(2XpjVlp). 
If j E ‘%op for a subgroup Q of P, we have b E TrpG(%oP) = %oG, and therefore 
Q = P; hence, again by Rosenberg’s lemma, we have Brpa(j) # 0, namely, 
Brpsr(j) is a primitive idempotent of a(P). Let e be the primitive idempotent of 
Z%(P) such that Br,“(j)e = Brpsr(j). Then (P, e) is a (b, G)-Brauer pair and, 
in order to prove the theorem, it suffices to show that (P, e) contains a conjugate 
of any (b, G)-Brauer pair. 
So, let (Q, f) be a (b, G)-Brauer pair; by Definition 1.6, BroP[(b)f # 0; but 
according to the choice of j, 




Consequently, there exists x E G such that 
Q”CP and Br;(21Pj21P) f” # (0); 
hence, since fz E ZcU(Q”), we have 
PCP and Br>(j) f” # 0; 
thus, by Corollary 1.9, (Q, f)” is contained in (P, e) and the proof is complete. 
2. CONSTRUCTION OF CHARACTERS 
In this section we assume that PI iso-torsion-free, that p is an algebra morphism 
from DG to 2[ such that, for x E G and a E !ll, we have 
as = p(x)-1 up(x) 
and that b, is a block of G such that 
p(b,)b = 6 = bp(b,). 
We denote by ?DI a A @,JD %module of finite rank and by x the character of !IR, 
that is the product of the canonical algebra morphism from fi 00 ‘$l to Enda !JX 
by the trace map from Ends ‘$I to si. 
DEFINITION 2.1. Let (P, e) be a (b, G)-Brauer pair such that P is cyclic 
and let x be a generator of P. We call the pair (x, e) a (b, G)-Brauer element. 
If y E G, we write (x, e), = (xv, ew) and we say that (x, e), is the conjugate of 
(.c 4 by Y. If (Q,f) is a (6, Q-B rauer pair, we write (x, e) E (Q, f) whenever 
(P, 4 c a f)* 
Thus, if 9l = DG, p = id and b is the principal block of G, then the (b, G)- 
Brauer elements are in natural bijection with the p-elements of G (see [I, 
Theorem 3.131). 
Clearly p(G) stabilizes 61152 and whenever (x, e) is a (b, G)-Brauer element, 
we shall define a central function x(~*~J on G which vanishes outside the p-section 
of x and whose restriction to this p-section is given by the trace on a “portion” 
of 6W “associated” with e. To do that, we use the following result which can be 
viewed as a generalization of “Brauer’s Second Main Theorem.” 
THEOREM 2.2. Let (x, e) be a (b, G)-23 fauer element and let H be a p’-subgroup 
of C,(x). We set P = (x>. 
(1) There exists an idempotent i of %HP such that Brpyi) = Br,“t(b)e. 
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(2) If i and j are taco idempotents of 91Hp such that Br,%(i) = Brp’x(j), 
we have 
x(6+99) = xbi4dh 
Let P be a p-subgroup of G and let H be a p’-subgroup of C,(P). In order to 
prove Theorem 2.2, we must study the P-algebra ‘+XH. Let us denote by eR the 
central idempotent of D(HP) defined by e, = (1 /I H I) xzEH X; the action of HP 
on ‘% endows ‘8 with an D(HP)-module structure and we see that 91H = e, . ‘L[, 
namely, that ‘%IH is a direct summand of ?I as an D(HP)-submodule. Thus we get 
the following proposition; its easy proof is left to the reader. 
PROPOSITION 2.3. Let P be a p-subgroup of G and let H be a p’-subgroup of 
G(P). 
(1) The P-algebra ‘W is a p-permutation P-algebra. 
(2) We have Sp(2f) n ‘W = Sp(‘W) and Brp*r(!?XHp) = ‘%(P)H. 
Proof of Theorem 2.2. Since p(H) C 21p, we have Z%(P) C 21(P)H and there- 
fore, Br,%(b)e E (U(P)H. Thus the first assertion follows from Proposition 2.3(2) 
and from lifting theorems for idempotents. 
Let us prove the second assertion. As x(ip(~y)) is the trace of ip(xy) acting 
on ‘9X, it does not change if one replaces i by a conjugate a-l ia, whenever a is an 
invertible element of 9XHp. Hence we may assume that i and j commute; then ;i 
is an idempotent of ?IHp and we have 
BrpX(zj) = Brpsr(i) = Brpa(j). 
Thus we may assume that $’ = j = ji. In this case, i - j is an idempotent and 
to prove (2), it suffices to prove that the trace of p(zy) acting on (i - j)‘%R is zero. 
By Proposition 2.3(2), i - j is an idempotent of Dp(21H). If  P = (I}, we have 
Sp(91H) = ‘$ . 5&H and therefore i = j. Now assume that P # {I} and denote by Q 
the Frattini subgroup of P. We have Dp(21H) = (‘SIH)z and it follows from 
[IO, Theorem l] that there exists an idempotent R of 21Ho such that 
i - j = TroP(k) and k=*k = 0 for l<n<‘p--I. 
Thus, we have (i - j)!JlI = &=:=, kz”!JJl and p(y) stabilizes each direct summand. 
Hence the trace of p(q) acting on (i - j)!M is zero and the proof is complete. 
DEFINITION 2.4. Let (x, e) be a (b, G)-Brauer element and set P = (x). 
The function x(~*~) is the central function on G which vanishes outside the 
p-section of x and which is such that 
X’“me’(xY) = Xh+Y)) 
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for each@‘-element y of C,(X) and each idempotent i of 21(u)p such that Br,%(i) = 
Br,%(b)e. 
The function x(~*~) depends only on the conjugacy class of (x, e) and, if S 
is a set of representatives for the conjugacy classes of the (b, G)-Brauer elements, 
it is clear that &e~ES x(z*~) is the G-character of b’9JI (endowed by p with a 
RG-module structure). Moreover, x(r*e) is a central function associated with b, ; 
indeed, as p(b,)b = 6, Brpsr(i) = Br,%(b)e implies Br,“(p(b,)i) = Brpsr(b)e. 
If 2l == DG and p = id, the conjugacy classes of (6, G)-Brauer elements are 
what Brauer called the “b-subsections” of G, and the functions x(~*~) are the 
functions which have been already constructed by Brauer in [2] (see also [3, 
Section 3.41). 
DEFINITION 2.5. Let (P, e) be a maximal (6, G)-Brauer pair. We say that a 
central function 7 from P to R is (G, e)-stable if, for any (b, G)-Brauer element 
(x, f) such that (x, f) E (P, ) e an d an e ement y of G such that (x,f>Y E (P, e), y 1 
we have 
7(xY) = 7w 
If VI = DG, p = id and b is the principal block of G, then P is a Sylow 
p-subgroup of G and a central function on P is (G, e)-stable if and only if it 
takes the same values on any two G-conjugate elements of P (see [l, Theorem 
3.131). 
THEOREM 2.6. Let (P, e) be a maximal (b, G)-Brauer pair and let S be a set 
of representatives for the conjugacy classes of (b, G)-Brauer elements such that, 
for any (x, f) E S, we have (x, f) E (P, e). Let 7 be a (G, e)-stable fi-valued gen- 
eralized character of P. Then the function x * 7 de$ned by the formula 
x * 7 = x 7(x) $X-f) 
(X.f)~S 
is a generalized character of G, associated with b, . 
Proof. Clearly, x * 7 is a central function on G, associated with bo . By 
Brauer’s characterization of characters, it suffices to prove that, whenever Q 
is ap-subgroup of G and His ap’-subgroup of C,(Q), the restriction Resg,(X * 7) 
to HQ of x * r] is a generalized character of HQ. 
So, let Q and H be such subgroups of G. Let I be a Q-stable set of mutually 
orthogonal idempotents of (b%b)H, of maximal cardinality; thus, Xi., i = b. 
For each i E 1, let us denote by Qi the stabilizer of i in Q; it follows from [lo, 
Corollary I] that i is a primitive idempotent of (b91b)Xoi and BrgylH(i) # 0; 
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hence, i is a primitive idempotent of ‘WQi and we have Brzi(i) f 0 (cf. Proposi- 
tion 2.3(2)). Let ei be the primitive idempotent of Z%(Q,) such that 
Br$$) ei = Br$,(i); 
then, (Qi , ei) is a (b, G)-Brauer pair and there exists zi E G such that (Qt , ei)za C 
(P, e) (cf. Theorem 1.14). Let us denote by xi and rli the generalized characters 
of HQ; defined by 
Xi(XY) = XWY)) and rli(Xll) = TI(XE’)t 
for x E Qi and y E H. It suffices to prove the following lemma. 
LEMMA 2.7. If J is a set of representatives for the orbits of Q on I, we have 
R&Ax * 4 = C IndHH&(xd 
ioJ 
Proof. Let y be an element of H. Let x be an element of Q and set R = (x}. 
Let us denote by F the set of primitive idempotents f  of Z’%(R) such that 
BrRS(b)f # 0; so, for each f  E F, (x, f) is a (6, G)-Brauer element and there exists 
z, E C such that (x, f)Zf E S; moreover, if f’ is any element of F different from 
f ,  (x, f) and (x, f’) are not conjugate, namely, (x, f)*f # (x, f’)“‘. It follows that 
(x * d(XY) = c rlW) X’%Y). 
feF 
For each f  E F, let us denote by 1, the set of i E I n 91R such that BrRB(i)f # 0. 
By Corollary 1.9, whenever i EI, , we have (R, f) C (Qi , eJ and therefore, 
Br,“(i)f = BrR9[(i) (cf. Th eorem 1.8(2)). But, on the other hand, Br,%(b) = 
&nPIR Br,“(i); indeed, if K is a set of representatives for the nontrivial 
orbits of R on I, we have 
b= C 
isIn@ 
i + C Tr&(i). 
ioK 
It follows that BrRs(b)f = ‘&r, Br,“(i), and therefore, 
x(“*~Y~) = C x(GGY)) = C xi(v) (cf. Definition 2.4). 
iPI, ier, 
Furthermore, (R, f) C (Qi , ei) implies (x, f  )“i E (P, e); but, by hypothesis 
(x, f)” E (P, e) and 77 is a (G, e)-stable function on P, thus, whenever i E I, we 
have 
?&x2’) = ‘7(x2’) = 7&y). 
On the other hand, if i E I n XR we have BrRsr(i) # 0, since R CQi and 
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Brii(i) # 0 (cf. Proposition 142)); h ence, the set I n NR is the disjoint union 
of the family {If}faF and therefore, we have 
(X * 7XxY) = C 7(““) 1 Xi(V) = isIzaR rli(V) Xi(V)* 
feF %I, 
But, for any i E I n 21R and any u E Q, we have 
Xis(txY)u) = Xi(V) and 7pKw) = 77&Y) ; 
indeed, ~~,,((xy)“) and xi(q) are, respectively, the traces on !IR of the conjugate 
elements p(u)-’ ip(xyu) and ip(xy); moreover, since (Qiu , et”) = (Qi , eJU, we’ 
have (x, f)uziu E (P, e), where f~ F is such that i E If , and therefore 7(xUziU) = 
7(x2’) (cf. Definition 2.5). It follows that 
and the proof is complete. 
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